Abstract. In this paper, we justify the low Mach number limit of the steady irrotational Euler flows for the airfoil problem, which is the first result for the low Mach number limit of the steady Euler flows in an exterior domain. The uniform estimates on the compressibility parameter ε, which is singular for the flows, are established via a variational approach based on the compressible-incompressible difference functions. The limit is on the Hölder space and is unique. Moreover, the convergence rate is of order ε 2 . It is noticeable that, due to the feature of the airfoil problem, the extra force dominates the asymptotic decay rate of the compressible flow to the infinity. And the effect of extra force vanishes in the limiting process from compressible flows to the incompressible ones, as the Mach number goes to zero.
Introduction
We are concerned with the low Mach number limit of steady homentropic Euler flows to the airfoil problem. The steady homentropic Euler equations with the extra force are written as: div (ρu) = 0, div (ρu ⊗ u) + ∇p = ρF, (1.1) where x = (x 1 , · · · , x n ) ∈ R n , n ≥ 3, u = (u 1 , · · · , u n ) is the velocity, ρ, p and F represent the density, pressure, and extra forces respectively. Moreover, u ⊗ u = (u i u j ) n×n is an n × n matrix. Through this paper, we consider that the extra force F is conservative. This is reasonable since this type of forces is quite natural and important in the reality. For instance, the gravity field is a conservative field. Another important example is the electric field. As the homentropic flow, the pressure is a function of density as:
where ε > 0 is the compressibility parameter as introduced in [34] . As usual, we requirẽ
We remark that condition (1.3) holds for the flows governed by the thermodynamic relation thatp = ρ γ with γ ≥ 1. The sound speed of the flow is c := p (ρ) = p (ρ) ε , and the Mach number is defined as
Formally, if |u| is bounded and p (ρ) does not vanish, the Mach number will go to 0 as ε → 0. For this reason, the limit ε → 0 is called the low Mach number limit.
The expected corresponding homogeneous incompressible Euler equations as ε → 0 are written as: divū = 0, div (ū ⊗ū) + ∇p = F, (1.4) whereū = (ū 1 , · · · ,ū n ) andp represents the velocity and pressure, respectively, while densityρ ≡ 1.
To study the low Mach number limit, we should start from the case with sufficiently small Mach number. The flow is subsonic when the Mach number M < 1. Since the equations corresponding to the mixed-type characteristics in the compressible Euler equations are elliptic for the subsonic flows, we can expect nice regularity compared to those related to the transonic flows or supersonic flows.
The airfoil problems studies the flow past through an exterior domain with the slip boundary condition, which equals to consider the flows around uniform motion body like the airfoil or car after the Galilean transformation. Both the compressible case and incompressible case have been studied by many authors. The first result is due to Frankl and Keldysh [15] , who studied the subsonic flows around a two dimensional airfoil and proved the existence and uniqueness for small data by the method of successive approximations. By the variational method, Shiffman [35] proved that, if the speed of the flow at the infinity, u ∞ , is less than some critical speed, then there exists a unique subsonic potential flow around a given profile with finite energy. Shortly afterwards, Bers [2] improved the uniqueness results of Shiffman. Finn and Gilbarg [12] proved the uniqueness of the two dimensional potential subsonic flow about a bounded obstacle with given circulation and velocity at the infinity. All the above results are related to the two dimensional case. For the three (or higher) dimensional case, Finn and Gilbarg [13] proved the existence, uniqueness and the asymptotic behavior with implicit restrictions on the Mach number. Payne and Weinberger [31] improved the results soon after. Later, Dong and Ou [8] extended the results of Finn and Gilbarg [13] to any Mach number M < 1 and to arbitrary dimensions by the direct method of the calculus of variations and the standard Hilbert space method. Recently, the result has been extended to the case with conservative force in [18] . The corresponding incompressible case is considered by Ou in [26, 30] . On the other hand, recently, there are many literitures on the steady compressible Euler equations (see [5, 7, 11, 17, 32, 37] for examples). So it is time for us to consider the low Mach number limit of steady flows.
It is well-known in physics that the compressible flow is expected to perform like an incompressible flow, when the Mach number is sufficiently small. However, how to rigorously justify the physical observation of this limit is a challenging mathematical problem, since it is a singular limit and singular phenomena are expected in the limit process. The first theory of the low Mach number limit is due to Janzen and Rayleigh (see [33, Sect. 47] , [38] ), which concerned with the steady irrotational flow. Their method of the expansion of solutions in power with respect to the Mach number was used both as a computational tool and as a method for the proof of the existence of solutions of the compressible flow. Klainerman and Majda [22, 23] proved the convergence of compressible to incompressible flow by directly obtaining estimates for the scaled form of the partial differential equations (also see Ebin [9] ). In particular, under the suitable initial data, they showed the convergence rates of both Euler equations and Navier-Stokes equations are ε order on velocity and ε 2 on density and pressure. By using the fast decay of acoustic waves, Ukai in [36] verified the low Mach number limit for the general data, while the exterior domain cases were considered in [19] . The major breakthrough on the general initial data is due to Métivier and Schochet [29] , which is extended to the exterior domain problem by Alazard [1] . For the one dimensional case, under the BV space, the low Mach number limit have been considered [3] . For the steady Euler flow, LiWang-Xiang [24] considered the infinitely long nozzle problem, which is the first rigorous analysis for the steady Euler equation. For other fluid models, see [14, 20, 21, 25, 27, 29] and the references therein. For another type of incompressible limit, please see [4, 28] and reference therein.
All the results mentioned above are related to the case that the boundary of the profile is smooth. For the case that the profile is a polygon, recently, Elling [10] showed that when the Mach number is sufficiently small but nonzero, the classical solution of the irrotational steady Euler flows around a polygon does not exist.
In this paper, we prove the limit is convergent strongly in the Hölder norm and is unique. Moreover, the convergence rate of order ε 2 is justified, which is higher than the one in Klainerman-Majda [22] , due to the irrotational property. More precisely, the main difficulties for the steady Euler flow are how to get the uniform estimates on the velocity. Therefore, we introduce the variational functional with respect to the compressibleincompressible difference function to obtain the uniform L 2 estimates. Moreover, not only are the incompressible and compressible velocities the minimizer of the respective functional but also the compressible-incompressible difference velocity is the minimizer of a functional. The effect of the extra force comes out in the regularity lifting to the Hölder space naturally. In addtion, the effect dominates the asymptotic rate to the infinity for the compressible flows, but the incompressible flows are free from this effect. The vanishing phenomenon is rigorously justified by the proper expansion based on a suitable formulation on the Bernoulli's law and a refined cut-off function for the low Mach number limits. Another difficulty is to find a proper way to show the convergence of the pressure. Based on the observation that the pressure of the incompressible flow is well-defined up to a constant by the Bernoulli's law, we establish the convergence on the gradient of pressure.
The rest of this paper is organized as follows. In Section 2, we formulate the low Mach number limit of the steady irrotational Euler flows corresponding to the airfoil problem mathematically, and then introduce the main theorem of this paper. In Sections 3, we derive a variational formulation to show the existence and uniqueness of a minimizer of the variational problem. In Section 4, we show the minimizer is actually the unique solution of the compressible subsonic Euler flow in R n of the airfoil problem with C α -regularity. Finally, the convergence rate of the low Mach number limit of the steady irrotational Euler flows is established. In this section, we will first introduce both the incompressible and compressible airfoil problem, then the low Mach number limit, and finally the main theorem of this paper. where n = (n 1 , · · · , n n ) denotes the unit inward normal of domain D(Γ). Moreover, the limits lim
and lim
exist and are finite.
Remark 2.1. By the Galilean invariance of the Newton fluid, D can be assumed to be stationary. That is the reason that we assign boundary condition (2.1) on Γ. Without loss of the generality, we also assume that
Since the extra force is conservative form, and velocity is asymptotic irrotational at infinite, we assume the flow is irrotational, which means the vorticity of the flow velocity is zero, i.e., curlu = 0. (2.4) 2.2. Incompressible airfoil problem. Now let us consider the existence of the incompressible flow for the airfoil problem. Due to [8, 26, 30] , the suitable function space is of the following.
Definition 2.1. V is the Hilbert space for n ≥ 3, which is the completing of space V 0 under the norm
Here V 0 is the set of all the functions which are the restrictions of the
We remark that for the C ∞ c functions, L 2 norm of the gradient can be bounded by the norm · V due to the following Hardy type inequality.
Note that the steady irrotational incompressible Euler flow is governed by the following equations:
Here, the densityρ ≡ 1, and conservative force F could be written as F = ∇φ. By (2.6) 3 , we can introduce the velocity potentialφ such that
Therefore, the incompressible irrotational Euler flows of Problem 1 can be found by looking for solutionφ, which satisfies
Due to the asymptotic behavior of ∇φ at infinity (see (2.8) 3 ), we can not expect the L 2 estimate of ∇φ. So we introduceψ, such that
We will use the variational approach, which is also successfully applied to the incompressible irrotational Réthy flow problem recently (see [6] ), to show the existence of solutions of (2.8). More precisely, let us consider the following variational problem (see [26, 30] )
In [30] , Ou proved that this minimization problem admits classical solutions and the solution is unique up to an added constant. Indeed, ifψ is a solution of the variational problem, then for any
in the distributional sense. By the standard elliptic theory,ψ is smooth up to the boundary and satisfies (2.9) in the classical sense. Moreover, as x approaches to the infinity, |∇ψ| tends to zero. Then, the functionφ =ψ + q ∞ x 1 satisfies the equation (2.8) . In summary, we have the following result.
Theorem 2.2. Problem (2.8) admits a unique classical solutionφ =ψ + q ∞ x 1 up to a constant withψ ∈ V. Here V is the Hilbert space defined in Definition 2.1. Furthermore,
Finally, we recall that the Bernoulli law for the incompressible irrotational flow is that
2.3. Compressible airfoil problem and the low Mach number limit. The irrotational compressible Euler flow with low Mach number can be written as
. And, conservative force F could be written as F = ∇φ. The Mach number is defined as
. By (2.1)-(2.3), the flow satisfies the slip boundary condition that
where n denotes the unit inward normal of domain D(Γ), and the asymptotic behavior as |x| → ∞ that
By (2.13), we have the following Bernoulli law that 16) where the enthalpy
ds up to any constant. Then by the asymptotic behavior (2.15), we have that
By (1.3), we can see thath(ρ) is a strictly increasing function with respect to ρ, so does
Now, we can introduce the critical density ρ ε cr for each fixed ε such that 1
In this paper, we assume φ ∈ L ∞ . So there exists a constant φ
Then, there exists an ε 0 > 0, such that when ε 0 ≥ ε ≥ 0, it holds
So (2.18) is solvable, and
and the critical speed is
It is easy to see that ρ ε cr (φ) →H −1 (h(1)) and εq ε cr (φ) → p •H −1 (h(1)), so q ε cr (φ) will go to the infinity as ε goes to zero.
It is easy to see that |u ε | < q 
By (2.21), for a given fixed 0 < ε < 1, the flow is subsonic if and only if it holds that
Moreover, by (2.23),
The low Mach number limit is the limit process when ε → 0, that we expect the compressible Euler flow will converges to the corresponding incompressible Euler flow. More precisely, we have the following result which is the main theorem of the paper. 25) and for any fixed number q ∞ , there exists constants ε c > 0 and α ∈ (0, 1), such that when 0 < ε < ε c there exists a unique solution
n satisfies:
where (1,ū,p) is the classical solution of Problem 1 corresponding to equations (2.6).
Remark 2.2. If n = 3, it is easy to check the force potential generated by the solid domain Ω c (which is the complement of the fluid domain Ω):
satisfies the conditions (2.19) and (2.25) for φ, where x ∈ Ω and ρ s ∈ L 1 (Ω c ) means the density distribution in Ω c is of finite mass. As an example, φ can be the electric field.
Remark 2.3. By (2.25) and the Gagliardo-Nirenberg interpolation inequality, we know that φ ∈ W 1,q (Ω) if n ≥ 4 or q > 6 if n = 3. So φ is an L ∞ function by the Morrey's inequality. Hence condition (2.19), and then condition (2.20) follow.
Remark 2.4. In Theorem 2.3, the regularity of (ρ (ε) , u (ε) , p (ε) ) are limited by φ. One can improve the regularity by imposing higher regularity.
Remark 2.5. The effect of conservative force ∇φ is very clear here. Sinceū − q ∞ e 1 have the n 2 decay rate to infinity, the first order of compressible partũ (ε) may have slower convergence rate due to the decay of ∇φ.
2.4.
Potential formulation of compressible flow. Similar to the incompressible case, we can also introduce the velocity potential ϕ (ε) for the compressible case that
with the slip boundary condition that 27) where n denotes the unit inward normal of domain D(Γ), and the asymptotic behavior at the infinity that lim
Therefore, Problem 1 can be reformulated into the following problem. Problem 2. Let n ≥ 3. Find function ϕ (ε) such that
By the straightforward computation, (2.29) 1 can be rewritten as
where
and
For 0 < ε < 1 and M ε < θ < 1, we have that
where constants λ 1 and λ 2 do not depend on ε.
Variational Approach of the Compressible airfoil problem
To show Theorem 2.3, we should first show the existence of smooth solution of the compressible airfoil problem. To show it, in this section, we will first introduce a variational formulation, and then show the existence of the minimizer which is a solution of the compressible airfoil problem.
A variational formulation for the compressible flow. Notice that equation (2.30) is nonlinear and is uniformly elliptic if and only if M
ε < θ < 1. Therefore we need to introduce the cut-off to truncate the coefficients of equation (2.30). For 0 < ε 0 < 1, 0 < θ < 1, we introduceq ε 0 θ (φ) = inf 0<ε<ε 0 q ε θ (φ), and cut-off function on the phase plan
which is equivalent to that
We remark that in this paper, we will construct solutions that satisfy |∇φ| ≤q Then, Problem 2 is reformulated into Problem 3 as follows. Problem 3: Let n ≥ 3. Find function ϕ (ε) which satisfies
Straightforward calculation yields that (3.3) 1 can be rewritten as
where constants C,λ 1 , andλ 2 depend only on the subsonic truncation parameters θ and ε 0 , and do not depend on solution ϕ (ε) .
Finally, we remark that a solution of Problem 3, where the densityρ (ε) is derived from the new density-speed relation (3.1), is also a solution of the original potential flow equation in the Problem 2 when |∇ϕ (ε) | <q ε 0 θ . To solve Problem 3, we follow the idea used in [8] to introduce a variational formulation. Denote
Formally, (3.3) is the Euler-Lagrangian equation of the variational problem with respect to the integral that
However, the integral above is infinite due to the unbounded domain Ω. To overcome it, we introduce
Then Problem 3 becomes: Problem 4 : Find a minimizerφ (ε) ∈ V such that
The second term in the integrand above vanishes due to the definition of the incompressible flowφ. Then, the first variation of
Hence this remark follows from the identity above.
3.2.
Unique existence of the minimizer of Problem 4. First, for the existence of a minimizer of Problem 4, we have the following theorem.
Theorem 3.1. Problem 4 admits a unique minimizerφ (ε) ∈ V, which satisfies that
where constant C depends only onφ and Ω and does not depend on ε.
Proof. The proof is divided into four steps.
Step 1.
is coercive with respect toφ in V, i.e., we will show that
Obviously,
First, we will show that I (ε) 1 (ϕ,φ) is coercive with respect toφ in V.
Then by direct computation, we can get that
It is easy to check ∂ 2 pp F (ε) is uniformly positive. In fact, we have
From property (3.6), we get the uniformly positivity of ∂ 2 pp F (ε) . As a consequence, we have
Now, let us consider
By (3.14), (3.15) , and the definition ofφ together, we get (3.11), which also implies that I (ε) (ϕ,φ) is bounded from below, i.e., there exists a constant C > 0 depending only on the data such that
for allφ ∈ V.
Step 2. Similarly, by (3.14) and (3.15) together, we can also show the upper bound of I (ε) (ϕ,φ) as:
It means that I (ε) (ϕ,φ) = I (ε) (φ + ε 2φ ,φ) is finite for anyφ ∈ V.
Step 3. We will prove I (ε) (ϕ,φ) is uniformly convex in the space V.
Since I
2 (ϕ,φ) is linear respect toφ. for anyφ 1 ,φ 2 ∈ V, we have that 18) which proves the uniform convexity of I (ε) .
Step 4. We are ready to show the unique existence of minimizerφ (ε) ∈ V of Problem 4, which satisfies (3.10).
Firstly, we show the continuity of I (ε) (φ + ε 2φ ,φ) with respect toφ in V. Takingφ 1 andφ 2 in V, corresponding to ϕ 1 and ϕ 2 respectively, we have
By a similar argument as done in Step 1 to obtain (3.14) and (3.15) , and by the Hölder inequality, we have:
Now we can show the existence of the minimizerφ (ε) by the compactness argument via applying the continuity of the functional I (ε) (φ + ε 2φ ,φ) with respect toφ in V.
For the uniqueness, by (3.18), we know that if ϕ is the minimizer, then for any ϕ * ∈ V, we have that (3.20) for any ϕ * ∈ V and ϕ * = ϕ. It means that the minimizer is unique in V. Finally, (3.10) easily follows from (3.11) via replacing ϕ byφ, since we know that I (ε) (ϕ,φ) ≤ I (ε) (φ,φ).
Proof of Theorem 2.3
By Remark 3.1, we know that the minimizer of Problem 4 is a weak solution of Problem 3. In this section, we will first show the minimizer of Problem 4 is a solution of Problem 2 by remove the elliptic cut-off introduced in Problem 3, and then show the low Mach number limit to conclude the proof of Theorem 2.3.
C
1,α -Regularity of the minimizer. Before removing the elliptic cut-off, let us consider the regularity of the derivatives of the solutions.
Firstly, we need the following proposition. 
Let w(y) be a function in H 1 . Suppose
holds in the distribution sense. Then w(y) is Hölder continuous in B 1/2 and there exist two constants 0 < α ≤ 1, k, depending on λ such that
The proof of this proposition can be found in [16] (see Theorem 8.24). Based on Proposition 4.1, we can show the C α -regularity of ∇φ.
Lemma 4.1. The minimizerφ (ε) of Problem 4 satisfies that
where β = min{ n 2 , β + n q − 1}, and that
where constant C is independent of ε.
Proof. We divide the proof into three steps.
Step 1. Let Φ = ∂ kφ (ε) ,φ = ∂ kφ for k = 1, . . . , n. Then by the straightforward calculation, Φ satisfies n i,j=1
Since ∆φ = 0, ∆φ = 0. We can change the equation above to:
Here, we introduce
Now we are going to show the uniform L ∞ estimate of f ij . For the first term,
For the second term,
Therefore, due to the cut-off, we have the uniform L ∞ estimate of f ij .
Also, for i, k = 1, · · · , n,
By the assumption that ∇φ ∈ L q , we knowb i ∂ i ϕ (ε) are bounded in L q for q > n.
Step 2. Now we can show the interior estimates based on the equations derived in Step 1. For any bounded interior subregion of Ω, sinceφ satisfies ∆φ = 0, and ||∇φ|| L 2 is uniformly bounded, from the standard elliptic estimate, we have that ∂ jφ is locally C ∞ and uniformly bounded, i.e.,
where constant C does not depend on ε. Then, by Proposition 4.1, we have the interior L ∞ and local Hölder estimate of ∇φ (ε) .
Next for the boundary estimate near ∂Ω, one can apply Theorem 8.29 in [16] to replace Proposition 4.1 to follow the arguments above to show the boundary estimates near ∂Ω.
Step 3. Finally, let us consider the estimates of ∇φ when |x| is sufficiently large. Let ψ := ∂ kψ , whereψ =φ − q ∞ x 1 . For any sufficiently large R with
< |y| < 2 . Note that ∂ iφ = ∂ iψ . Then on 1 2 < |y| < 2 , w(y) satisfies n i,j=1
By (2.10) and (3.10), we have that Going back to (4.8), we have for sufficiently large |x|, and for i = 1, · · · , n,
It means (4.1) holds. Now we can follow the standard argument to lift the regularity to show that ∇φ (ε) is uniformly Hölder continuous (see [16] ), i.e., (4.2) holds.
Uniqueness of solutions of Problem 3.
In this subsection, we will show the uniqueness of the modified flow such that we can remove the cut-off and apply the Bers skill to show the existence of solutions of Problem 2. Define a series of test functions η R (x) > 0 for R > 1 with uniform C 2 -bounds, such the function η R is supported in |x| ≤ R and identically equals to 1 in |x| ≤ R − 1.
By multiplyingφη R on both the sides of (4.12) and integrating by part in Ω, we obtain: ij ∂ iφ ∂ j η Rφ dx By (2.5), (4.1), and (4.11) , passing the limit R → ∞, and by the dominant convergence theorem, the identity above becomes
ij ∂ iφ ∂ jφ dx = 0 (4.14)
which implies ∇ϕ 1 = ∇ϕ 2 by (3.6). is equal to the solution obtained in [8] .
